Abstract. This note addresses the global strong solvability of a phase-field system arising in connection with the phase transition theory recently proposed by Frémond [10]. The novelty of this modelization consists in considering the macroscopic effect of the microscopic movements of particles of the system that undergoes the phase transition. In particular, we outline the basic features of this model and deal with the upcoming nonlinear PDE system in the one-dimensional setting by means of an approximation-a priori estimates-passage to the limit procedure.
Introduction
In the framework of Continuum Thermo-Mechanics, Frémond has recently proposed a new approach to the modeling of phase transition processes [10] . The main novelty of such an approach relies in allowing for microscopic movements of particles by carefully taking into account their effect on the overall macroscopic behavior of the body. In particular, although the substance that undergoes the phase transition may often be macroscopically regarded as a rigid continuum, it is clear that, in order for the phase transition to occur, no rigidity can be assumed at the microscopic level. In fact, the phase transition is, heuristically speaking, the effect of some structural rearrangement or reorganization of the microscopic components of the substance. We briefly outline some points of this modeling perspective in the forthcoming Section 2. We however stress here that the key feature of the above-mentioned models for phase transitions with microscopic movements (micro-movements) is that the thermodynamic consistency can be proved. This is indeed a crucial point since it is possible to include in the latter generalized framework a variety of classic models of phase transition [22] . In particular, we at least mention the Stefan model, the phase relaxation model [11] , [23] , and some Penrose-Fife phase-field models [20] , [21] . Moreover, although beyond the purposes of this analysis, some connections may also be given with the classic Caginalp phase-field model [8] . In this regard, Frémond's modelistic framework entails somehow a unifying approach to the derivation and the thermodynamic justification of the above-mentioned classic models.
The present contribution addresses the study of a quasi-stationary phase-field model that arises in the framework of phase transitions with micro-movements. In particular, referring indeed to the forthcoming Section 2 for details and motivation, we are concerned with the evolution of two unknowns ϑ, χ governed by the relations
in the space-time domain (0, 1) × (0, T ), for some reference time T > 0. We mention that the unknowns ϑ, χ denote the absolute temperature of the medium and an order parameter, respectively. Moreover, β ⊂ R × R is a maximal monotone graph, possibly multivalued, the parameter ν > 0 is fixed, and ϑ c > 0 is a constant standing for the transition temperature. We remark that an interesting choice for β turns out to be given by the constraint β = ∂ I [0, 1] . The latter is nothing but the well-known subdifferential of the indicator function I [0, 1] 2) with suitable initial conditions and with homogeneous Neumann boundary conditions. We stress that, although the choice of the latter boundary condition is strongly motivated from the physics of the problem, we would actually be in the position of considering different and possibly more general situations. Despite the one-dimensional setting, the study of (1.1)-(1.2) is in our opinion quite challenging. First, the presence of a nonlinearity in (1.1) represents a novelty with respect to former contributions on phase-field models. Secondly, the system (1.1)-(1.2) turns out to be the first relaxation approach to the Stefan model in the framework of phase transitions with micro-movements. Indeed, by setting ν = 0 in (1.2) and restricting to the above-introduced case β = ∂ I [0, 1] , we readily check that (1.1)-(1.2) turns out to be equivalent to a singular parabolic equation of the form (ϑ + λ(ϑ)) t = ϑ xx .
(1.3)
In the latter, λ is a multivalued graph that presents a vertical segment in correspondence of the transition temperature ϑ c and is detailed in the forthcoming Section 2. It is well known that (1.3) is one of the weak formulations of the two-phase Stefan model. We
